We use the motivic obstruction to stable rationality introduced by Shinder and the first-named author to establish several new classes of stably irrational hypersurfaces and complete intersections. An important new ingredient is the use of tropical degeneration techniques. arXiv:1911.06138v1 [math.AG] 14 Nov 2019 ].
Introduction
In [NS19] , Evgeny Shinder and the first-named author introduced a powerful new tool in the study of rationality properties of algebraic varieties over fields of characteristic zero. They showed that, to any toroidal one-parameter degeneration, one can attach a motivic obstruction to the stable rationality of the geometric generic fiber. They used this obstruction to prove that the locus of stably rational geometric fibers in mildly singular families is closed under specialization. This method was further improved in [KT19] to prove specialization of rationality instead of stable rationality.
The aim of the present paper is to apply these techniques to concrete rationality questions. Our main applications are the following (all in characteristic zero):
• A very general quartic fivefold is stably irrational (Corollary 4.1.2). Irrationality of quartic hypersurfaces was previously known only in dimensions n ≤ 4 [CTP16, To16] . In dimensions n > 5, we get conditional results for the stable irrationality of all hypersurfaces of degree d ≥ 4 (dependent of the stable irrationality of the very general double quartic (n − 1)-fold or certain bidegree (2, 2) hypersurfaces of dimension n − 1); see Corollary 4.3.4. • If a very general hypersurface of degree d and dimension n is stably irrational, then a very general hypersurface of degree d + 1 and dimension n or n + 1 is also stably irrational (Theorem 4.3.1). • A very general intersection of a quadric and a cubic in P 6 is stably irrational (Theorem 4.4.1). Apart from the cubic fourfold, this was the only open case for complete intersection fourfolds. • Significantly sharper bounds for stable irrationality of very general complete intersections, at the level of Schreieder's bounds for hypersurfaces [Sch19a] see Theorems 4.5.2 and 4.5.5. As a special case of Theorem 4.5.5, we obtain that, when n ≥ 4 and r ≥ n − 1, a very general complete intersection of r quadrics in P n+r k is stably irrational (Corollary 4.5.6). This generalizes results by Hassett, Pirutka & Tschinkel [HPT17] and Chatzistamatiou & Levine [CL17] . In order to apply the motivic obstruction from [NS19] to these problems, one needs to construct suitable degenerations. For this purpose, we use the theory of tropical compactifications, which associates degenerations to a large class of polyhedral subdivisions of the Newton polytope of a hypersurface in an algebraic torus. We compute the motivic obstruction for such degenerations by means of the tropical formulas for the motivic nearby fiber in [NPS16] ; see Theorems 3.5.1 and 3.5.4. Another important ingredient are the results by Shinder on variation of stable birational types in families of hypersurfaces [Sh19] . We refine and extend these results in a more general setting (Theorem 4.2.1) and use them at various places to prove the non-triviality of the motivic obstruction to stable rationality.
The paper is organized as follows. In Section 2 we recall the main results on the motivic obstruction to stable rationality from [NS19] , and phrase them in a form that is suitable for our applications. Section 3 is the technical heart of the paper: we introduce the necessary tools from tropical geometry, and give a tropical formula for the motivic obstruction (Theorems 3.5.1 and 3.5.4). Finally, in Section 4, we discuss the applications that were outlined above.
Specialization of stable birational types
In this section, we recall some results and tools from [NS19] that we will need in this paper.
2.1. Stable birational types and the theorem of Larsen & Lunts. Let F be a field. Two F -schemes of finite type X and Y are called stably birational if X × F P m F is birational to Y × F P n F for some non-negative integers m and n. We say that X is stably rational if it is stably birational to the point Spec F . We denote by SB F the set of stably birational equivalence classes of integral 1 F -schemes of finite type; the equivalence class of X will be denoted by [X] sb . We write Z[SB F ] for the free abelian group on the set SB F . For every F -scheme Z of finite type, we set
where Z 1 , . . . , Z r are the irreducible components of Z (with their induced reduced structures). In particular, [∅] sb = 0. Note that two reduced F -schemes of finite type are stably birational if and only if they define the same element in
There exists a unique ring structure on Z[SB F ] such that
for all F -schemes X and Y of finite type. The identity element for the ring multiplication is [Spec F ] sb , the class of stably rational F -schemes of finite type. We denote by K(Var F ) the Grothendieck ring of F -varieties. As an abelian group, it is characterized by the following presentation:
• Generators: isomorphism classes [X] of F -schemes X of finite type.
• Relations: whenever Y is a closed subscheme of X, we have
This abelian group has a unique ring structure such that [X] · [Y ] = [X × F Y ] for all F -schemes X and Y of finite type. We write L = [A 1 F ] for the class of the affine line in K(Var F ). To simplify the notation, if ϕ : K(Var F ) → A is any map to some set A, then we will write ϕ(Y ) instead of ϕ([Y ]) whenever Y is an F -scheme of finite type.
The following fundamental theorem was proved in [LL03] .
Theorem 2.1.1 (Larsen & Lunts) . Assume that F has characteristic zero. There exists a unique ring homomorphism
that maps [X] to [X] sb for every smooth and proper F -scheme X. It factors through an isomorphism
Beware that one usually has sb(Y ) = [Y ] sb when Y is not smooth and proper; for instance, sb(A 1 F ) = sb(P 1 F ) − sb(Spec F ) = 0.
2.2. The stable birational volume. Let X be a flat separated R-scheme of finite presentation. We say that X is semi-stable if, Zariski-locally on X , we can find ań etale morphism X → Spec R[z 0 , . . . , z s ]/(z 0 · · · z r − t q ) for some integers s ≥ r ≥ 0 and some positive rational number q. Let E i , i ∈ I, be the irreducible components of X k (with their induced reduced structures). For every non-empty subset J of I, we set E J = ∩ j∈J E j . If X is semistable and proper, then E J is a smooth and proper k-scheme, for every non-empty subset J of I.
The following result from [NS19] provides a version of the nearby cycles functor for stable birational types.
Theorem 2.2.1 (Nicaise & Shinder) . There exists a unique ring homomorphism
such that, for every semi-stable proper R-scheme X with
Let X be a semi-stable proper R-scheme, with
Since X is of finite presentation and R is the union of the subrings k t 1/n , we can find a positive integer n and a proper k t 1/n -scheme Y such that
We can also arrange that, Zariski-locally on Y , there exists anétale morphism
for some integers s ≥ r ≥ 0 and some positive integer m. This implies that the morphism Y → Spec k t 1/n is log smooth when we endow Spec k t 1/n with its standard log structure (the divisorial log structure induced by its closed point) and we endow Y with the divisorial log structure induced by the special fiber Y k . By Section A.3 in [NS19], we have
Now a straightforward inclusion-exclusion argument shows that, for every nonempty subset J of I, we have
Thus we can rewrite (2.2.4) as
Partitioning P |J |−1 k into its torus orbits, we also get 
We call the morphisms Vol and Vol sb from Theorem 2.2.1 the motivic volume and the stably birational volume, respectively. By Corollary 2.2.6, we can use the stably birational volume as an obstruction to stable rationality.
In [NS19] , Theorem 2.2.1 was used to deduce the following important corollary. This result was further improved in [KT19] to get the analogous statements for birational equivalence and rationality instead of stable birational equivalence and stable rationality. For our current purposes, the stable version will be sufficient.
Tropical calculation of the stable birational volume
3.1. Newton polytopes. We recall some standard definitions in tropical geometry. Let n be an integer satisfying n ≥ −1, and let M be a free abelian group of rank n + 1. We set M R = M ⊗ Z R.
Let F be a field, and let
be a non-zero Laurent polynomial with coefficients in F . The support of g is the set of lattice points m in M such that d m = 0; we denote it by Supp(g). The convex hull of Supp(g) in the real vector space M R is called the Newton polytope of g, and denoted by ∆ g . Let V be the real affine subspace of M R spanned by Supp(g). We choose a point m 0 of M ∩∆ g and we denote by M ∆g the sublattice of M generated by
To such a lattice polytope, one can attach a polarized projective toric F -variety (P F (∆ g ), L(∆ g )) with dense torus Spec F [M ∆g ]. The toric variety P F (∆ g ) is defined by the inward normal fan of the polytope ∆ g − m 0 . We write Z o (g) for the effective Cartier divisor on Spec F [M ∆g ] defined by the equation g = 0, and Z(g) for the effective Cartier divisor on P F (∆ g ) defined by the global section g/x m0 of L(∆ g ). These definitions are all independent of the choice of the point m 0 .
Remark 3.1.1. The hypersurface defined by g in the torus Spec F [M ] is isomorphic to Z o (g) × F G m,F , where denotes the codimension of ∆ g in M R . In particular, this hypersurface is stably birational to Z o (g).
For every lattice polytope δ contained in ∆ g , we set
If δ is a face of ∆ g , then g δ has Newton polytope δ, and we can apply the above definitions to g δ to obtain a toric variety P F (δ) of dimension dim(δ) with subschemes Z o (g δ ) and Z(g δ ). If δ is a vertex of ∆ then these subschemes are empty; if δ has positive dimension, then they are non-empty and of pure codimension one.
Definition 3.1.2. We say that g is Newton non-degenerate if, for every face δ of ∆ g , the scheme Z o (g δ ) is smooth over F . This definition is due to Kushnirenko (see [Ko76] for related notions of Newton non-degeneracy). If F has characteristic zero, then it follows from Bertini's theorem that a general Laurent polynomial g with fixed Newton polytope ∆ g is Newton nondegenerate.
Proposition 3.1.3. Let g be a non-zero Laurent polynomial in F [M ]. Let π : X → P F (∆ g ) be a proper birational toric morphism. Denote by Y the inverse image of Z(g) in X.
(1) The scheme Y does not contain any torus orbit in X, and π −1 (Z o (g)) is schematically dense in Y . In particular, taking for π the identity morphism, we see that Z o (g) is schematically dense in Z(g).
(2) The Laurent polynomial g is Newton non-degenerate if and only if the schematic intersection of Y with each torus orbit in X is smooth.
(3) Assume that g is Newton non-degenerate. Then we can cover Y by open subschemes that admit anétale morphism to a toric F -variety. If X is smooth over F , then Y is smooth over F , as well.
Proof.
(1) If γ is a face of ∆ g and σ is the corresponding cone in the normal fan of ∆ g , then the intersection of Z(g) with the torus orbit O(σ) is isomorphic to Z o (g δ ); in particular, it is empty or of codimension one in O(σ). Thus Z(g) does not contain any torus orbit in P F (∆ g ). Since π is a toric morphism and Y is the inverse image of Z(g) in X, the analogous property holds for Y and X. It follows that π −1 (Z o (g)) is topologically dense in Y . Since the toric variety X is Cohen-Macauly, the same holds for the Cartier divisor Y on X. Thus π −1 (Z o (g)) is also schematically dense in Y .
(2) Let Σ be the normal fan of ∆ g and let Σ be the complete refinement of Σ associated with the proper birational toric morphism X → P F (∆ g ). Let σ be a cone in Σ and denote by σ the unique minimal cone of Σ containing σ . Let δ be the face of ∆ g dual to σ. Then the intersection of
(3) This result is well-known to experts; it follows from the fact that Z o (g) is a schön hypersurface in the torus Spec F [M ∆g ], in the sense of Tevelev -see in particular Theorem 1.4 and the subsequent remark in [Te07] . If X is smooth, then it was proved already in [Kh77] that Y is smooth, as well. For the reader's convenience, we will give a direct argument that covers both the smooth and the singular case.
Replacing M by M ∆g if necessary, we may assume that ∆ g has maximal dimension in M R , so that M = M ∆g .
Let y be a point of Y . Let Σ be the normal fan of ∆ g and let Σ be the complete refinement of Σ associated with the proper birational toric morphism X → P F (∆ g ). We denote by σ the unique cone in Σ such that y is contained in the torus orbit O(σ ), and by σ the minimal cone of Σ containing σ . Let δ be the face of ∆ g that is dual to σ.
We set U = Spec F [(σ ) ∨ ∩ M ]; this is an affine toric chart of X with O(σ ) as its minimal orbit. We choose a splitting
where P is a finitely generated saturated integral monoid such that P × = {0}, and M is the lattice of invertible elements in the monoid (σ ) ∨ ∩M . This choice induces an isomorphism
The fiber of the projection morphism U → Spec F [P ] over the zero-dimensional orbit o of Spec F [P ] is precisely the orbit O(σ ). It follows from [Stacks, Tag 00MG] that the morphism Z(g) ∩ U → Spec F [P ] is flat at y. The fiber of this morphism over o coincides with Y ∩ O(σ ). In particular, this fiber is smooth, by (2). Thus the morphism Z(g) ∩ U → Spec F [P ] is smooth at y, and, locally around y, there exists anétale morphism from Z(g) to the toric variety Spec F [P ] × F A F , for some ≥ 0. If X is smooth then the monoid P is free, so that Z(g) is smooth at y. Proof. The equality [Z(g δ )] sb = [Z o (g δ )] sb follows immediately from the fact that Z o (g δ ) is dense in Z(g δ ), by Proposition 3.1.3(1). Thus it is enough to show that sb(Z(g δ )) = [Z(g δ )] sb . It suffices to prove this result for δ = ∆ g , since it is obvious from the definition that each of the polynomials g δ is Newton non-degenerate if this holds for g.
By Proposition 3.1.3, the scheme Z(g) has strictly toroidal singularities in the sense of Example 4.2.6(3) in [NS19] . This implies that we can find a resolution of singularities Y → Z(g) such that [Y ] ≡ [Z(g)] mod L in K(Var F ) (in fact, this then holds for every resolution of singularities; see the discussion following Definition 4.2.4 in [NS19] ). Since Y is smooth and proper, we conclude that Definition 3.2.1. We say that ∆ is stably irrational if ∆ has dimension at least 2 and, for every algebraically closed field F of characteristic zero, and for every very general polynomial g in F [M ] with Newton polytope ∆, the hypersurface Z o (g) in Spec F [M ] is not stably rational. Otherwise, we say that ∆ is stably rational.
In particular, zero-dimensional and one-dimensional polytopes are stably rational by definition. In these cases, Z o (g) is empty or a finite set of points, respectively. If ∆ has dimension at least 2, and g is as in the definition, then Z o (g) is integral by Bertini's theorem. Thus, in all dimensions, we conclude that ∆ is stably rational if and only if for every g as in the definition, all connected components of Z o (g) are stably rational. Note that the stable rationality of ∆ does not depend on the embedding of ∆ in M R : the isomorphism class of the hypersurface Z o (g) is invariant under unimodular affine transformations of M .
Example 3.2.2. For every positive integer d, we denote by d∆ n+1 the dilatation with factor d of the unimodular (n + 1)-dimensional simplex:
Then for every infinite field F , the hypersurfaces Z(g) in P F (d∆ n+1 ) = P n+1 F defined by polynomials g with Newton polytope d∆ n+1 form a dense open subset of the space of degree d hypersurfaces in P n+1 F . Thus d∆ n+1 is stably irrational if and only if n ≥ 1 and, over every algebraically closed field F of characteristic zero, a very general degree d hypersurface in P n+1 F is not stably rational.
Example 3.2.3. The lattice polytope ∆ = 2∆ 2 × 2∆ 3 in R 5 is stably irrational. Indeed, for every infinite field F , the hypersurfaces Z(g) in P F (∆) = P 2 F × F P 3 F defined by polynomials g with Newton polytope ∆ form a dense open subset of the space of bidegree (2, 2) hypersurfaces in P 2 F × F P 3 F defined over F . When F has characteristic 0, a very general member of this family is stably irrational by [HPT18] (see in particular the summary of results in §7).
Example 3.2.4. Assume that ∆ has lattice width 1 in the lattice M ∆ . Then ∆ is stably rational. Indeed, replacing M by M ∆ , we may assume that ∆ has full dimension n + 1. Our assumption on the lattice width means that we can find a primitive vector in the dual lattice M ∨ such that (∆) = {a, a + 1} for some integer a. Translating ∆ in M R if needed, we may assume that a = 0. Choosing a basis of M ∨ that contains , we see that for every field F and every polynomial g in F [M ] with Newton polytope ∆, the hypersurface Z o (g) is isomorphic to a hypersurface in G n+1 m,F defined by an equation that is linear in one of the variables. It follows that Z o (g) is rational.
Proposition 3.2.5. Let F 0 be a field of characteristic 0, and let W be a reduced F 0 -scheme of finite type. Suppose that there exist an algebraically closed extension F of F 0 and a Newton non-degenerate polynomial g in F [M ] with Newton polytope ∆ such that Z o (g) is not stably birational to W × F0 F . Then for every algebraically closed extension F of F 0 and every very general polynomial h in F [M ] with Newton polytope ∆, the hypersurface Z o (h) is not stably birational to W × F0 F .
In particular, if dim(∆) ≥ 2, then the polytope ∆ is stably irrational if and only if there exist an algebraically closed field F of characteristic zero and a polynomial g in F [M ] with Newton polytope ∆ such that g is Newton non-degenerate and Z o (g) is not stably rational.
If P Q (∆) is smooth, then the same results hold if we only suppose that Z(g) is smooth, instead of assuming that g is Newton non-degenerate.
Proof. Replacing M by the sublattice M ∆ , we may assume that ∆ has full dimension n + 1. Assume that we can find F and g as in the statement. Let π : X → P F0 (∆) be a toric resolution of the projective toric variety P F0 (∆) over F 0 . If P F0 (∆) is already smooth, we take for π the identity morphism.
Let L(∆) be the canonical polarization on P F0 (∆). Then L(∆) is generated by global sections, so that the same holds for π * L(∆). Since P F0 (∆) is normal, the natural map
is an isomorphism.
Let F be an algebraically closed extension of F 0 , and let h be a Laurent
Consider the universal family
is the universal family of hypersurfaces in Spec F 0 [M ] with Newton polytope ∆. By Bertini's theorem, the smooth fibers of the family
are parameterized by a dense open subset V of U . By Corollary 2.2.7, the locus of geometric fibers of the family θ −1 (V ) → V that are not stably birational to W is a countable intersection of open subsets of V (we can reduce to the case where W is smooth and proper by resolution of singularities). This locus is non-empty: by Proposition 3.1.3, we know that Z (g) is smooth, so that it corresponds to a stably irrational geometric fiber of θ −1 (V ) → V . It follows that a very general geometric fiber of the universal family
Example 3.2.6. Let ∆ be the lattice polytope in R n+1 defined by
, and let F be an algebraically closed field of characteristic 0. Then a general quartic double n-fold in P F (∆) = P F (1, . . . , 1, 2) has Newton polytope ∆, and it is Newton non-degenerate. A very general quartic double n-fold is stably irrational for n = 3 [Vo15] and n = 4 [HPT19] . Thus ∆ is stably irrational for n ∈ {3, 4}. The n = 3 case also follows from the classical nodal Artin 3.3. Newton subdivisions. We now consider polynomials over the Puiseux series field
be the lower convex envelope of the function
. Then ϕ f is piecewise affine, and the maximal domains where it is affine define a polyhedral subdivision P f of ∆ f , which is called the Newton subdivision of ∆ f . It is easy to see that all the vertices of P lie in Supp(f ), and ϕ f (m) = ord t (c m ) for every such vertex m.
For every face δ of P f , we set
where a denotes the image of an element a ∈ R under the reduction morphism R → k that sends t q to 0 for all positive rational numbers q. Thus f δ is obtained from f by selecting the terms corresponding to lattice points m ∈ M ∩ δ such that ϕ f (m) = ord t (c m ), and replacing each coefficient c m by its leading coefficient.
We
Proof. The assertion can easily be deduced from the general theory of tropical compactifications of subvarieties of tori [Te07, LQ11] . Our definition of "schön" can be rephrased as the property that all the initial degenerations of Z o (f ) are smooth over k. By Proposition 3.9 in [HK12] , this is equivalent to the existence of
is smooth and surjective. Passing to the generic fiber, we obtain a Spec K[M ]-toric K-scheme X = X K such that the schematic closure Y of Z o (g) in X is proper over K and the multiplication morphism
is smooth and surjective. Thus Z o (f ) is schön in the sense of [Te07] , which is equivalent to the property that f is Newton non-degenerate -see the remark following Theorem 1.4 in [Te07] . The equivalence follows from the fact that the fibers of In that case, we will say that ϕ induces the subdivision P. Assume that P is regular and integral. Then we can choose ϕ such that it takes rational values at the lattice points in ∆.
For every lattice point m in M ∩ ∆, we choose an element d m in k such that d m = 0 whenever m is a vertex of P. Then, for every face δ of P, the polynomial
then f has Newton polytope ∆ f = ∆ and Newton subdivision P f = P, and f δ = g δ for every face δ of P. If we choose the coefficients d m in such a way that Z o (g δ ) is smooth for all δ, then f is schön. This is always the case for a general choice of coefficients d m , by Bertini's theorem.
3.5. The stable birational volume. The following theorem provides an efficient way to compute the stable birational volume of a general hypersurface with fixed Newton polytope.
where δ runs through the faces of the Newton subdivision P f that are not contained in the boundary of ∆ f . Proof. Replacing M by the lattice M ∆ f , we can reduce to the case where ∆ f has full dimension n + 1. We will deduce the result from the tropical formula for the motivic volume of Z(f ) in Proposition 3.13 of [NPS16] . That formula is stated in terms of the tropicalization of Z o (f ), rather than the Newton polytope of f . An important result in tropical geometry states that the tropicalization of Z o (f ) coincides with the codimension 1 skeleton of the Legendre transform of the triple
is the tropicalization of f , and Q is the polyhedral subdivision of N R given by the domains of linearity of f trop . The union of the codimension one faces in Q is precisely the set of points of N R where f trop is not differentiable; by the fundamental theorem of tropical geometry, this is the closure of the image of the tropicalization map trop :
For every element d in {0, . . . , n + 1}, there is a canonical inclusion-reversing bijection δ → δ ∨ between the d-dimensional faces δ of P and the (n + 1 − d)dimensional faces δ ∨ of Q. In particular, the faces of the tropicalization of Z o (f ) correspond to the faces of P of positive dimension. In the notation of Proposition
where δ runs through the faces of P (we do not need to exclude the zero-dimensional faces δ because, for those faces, we have Z o (f δ ) = ∅).
We will now use an inclusion-exclusion argument to show that
in K(Var k ), where ε runs through the faces of P that are not contained in the boundary of ∆ f . For every face δ of P, we can write Z(f δ ) as the disjoint union of the k-schemes Z o (f δ ) where δ runs through the faces of δ. It follows that
where ε runs through the faces of ε. Reordering terms, we see that it suffices to show that, for every face δ of P, we have
where A δ is the set of faces of P that contain δ and are not contained in the boundary of ∆ f . In terms of the Legendre dual polyhedral decomposition Q, this is equivalent to showing that for every face δ ∨ of Q, we have
where B δ ∨ is the set of bounded faces of δ ∨ . But this expression is nothing but the Euler characteristic of the union of the bounded faces of δ ∨ , which is equal to 1 because this union is a contractible compact topological space.
The result now follows from equalities (3.5.2) and (3.5.3), together with the fact that the isomorphism sb :
Theorem 3.5.4. Let n be a positive integer. Let ∆ be a lattice polytope in R n+1 of dimension at least 2, and let P be a regular integral polyhedral subdivision of ∆.
For every m in ∆∩Z n+1 , we choose an element d m in k such that d m = 0 whenever m is a vertex of P. For every face δ in P, we set
Suppose that, for every face δ in P, the scheme Z o (g δ ) is smooth over k. Assume moreover that
where the sum is taken over all faces δ of P that are not contained in the boundary of ∆. Then the polytope ∆ is stably irrational.
Proof. By Proposition 3.2.5, it is enough to find a Laurent polynomial f in K[Z n+1 ] with Newton polytope ∆ such that f is Newton non-degenerate and Z o (f ) is stably irrational. We choose a convex piecewise linear function ϕ : ∆ → R that induces the regular subdivision P. We set
Then f has Newton polytope ∆ f = ∆ and Newton subdivision P f = P, and f δ = g δ for every face δ of P. By our assumption that Z o (g δ ) is smooth for all faces δ of P, the Laurent polynomial f is schön; in particular, it is Newton non-degenerate, by Proposition 3.3.1. Now it follows from Theorem 3.5.1 and our assumption (3.5.5) that
3.6. Tropical degenerations. This section is not strictly necessary for the applications in this article, but it provides a geometric explanation for the results we obtained in Theorems 3.5.1 and 3.5.4. We will show how the data of Theorem 3.5.4 give rise to an explicit degeneration of a Newton non-degenerate hypersurface with Newton polytope ∆ into pieces that are described by the hypersurfaces Z o (g δ ).
Let f = m∈M c m x m ∈ K[M ] be a Laurent polynomial with coefficients c m in K. Denote by ∆ f the Newton polytope of f , and by P f its Newton subdivision. Let ϕ f : ∆ f → R be the lower convex envelope of the function
Assume that f is schön. Then we can construct a degeneration of Z(f ) by considering the Mumford degeneration of the projective variety P K (∆ f ) induced by the data (P f , ϕ f ) (see for instance Example 3.6 in [Gr11] ), and by taking the schematic closure of Z(f ) inside the Mumford degeneration.
Let N = Hom(M, Z) be the dual lattice of M . Let ∆ be the polyhedron in
We choose a positive integer e such that ϕ f (u) lies in (1/e)Z for every vertex u of P f , and such that the slopes of ϕ f lie in (1/e)N . Then ∆ is a lattice polyhedron with respect to the lattice Z n+1 × (1/e)Z, and its asymptotic cone is given by {0} × R ≥0 . Thus ∆ defines a toric variety P k ( ∆) with a projective morphism to
this definition does not depend on the choice of e. The generic fiber X K is precisely P K (∆ f ), and the special fiber X k is a union of the toric varieties P k (δ) where δ runs through the faces of maximal dimension in P f . These toric varieties intersect along toric strata according to the combinatorial structure of the subdivision P f : the closed strata in X k correspond canonically to the faces δ in P f , and this correspondence is inclusion-preserving.
Since Z(f ) is a closed subscheme of X K = P K (∆ f ), we can consider its schematic closure in X , which we denote by Y . The schematic intersection of Y with the open stratum in X k corresponding to a face δ in P f is precisely Z o (f δ ). Thus if f is schön, all these intersections are smooth. It follows that, if we endow Y with the log structure induced by the toric boundary of X (that is, the union of the special fiber X k with the closure of the toric boundary of X K = P K (∆ f )) and we endow Spec R with its standard log structure (induced by the closed point), then the morphism X → Spec R is log smooth. One can now deduce Theorem 3.5.1 from the formula for the motivic volume in terms of log smooth models in Theorem A.3.9 of [NS19] . We omit the details of the argument, as we will not use these facts in this paper.
Let us illustrate this geometric picture by means of an example that will appear again in Corollary 4.2.3 and Theorem 4.3.1.
Example 3.6.1. Let n and d be positive integers and assume that d ≥ 2. Let f 0 be a general homogeneous polynomial of degree d in k[z 1 , . . . , z n+1 ], and let f 1 be a general homogeneous polynomial of degree d − 1 in k[z 0 , . . . , z n+1 ]. We set f = tf 0 + z 0 f 1 ; this is a homogeneous polynomial of degree d in K[z 0 , . . . , z n+1 ]. The Newton polytope ∆ f is the dilatation with factor d of the unimodular (n + 1)dimensional simplex:
The function ϕ f is given by ϕ f = max{0, 1 − u 0 }. The Newton subdivision P f of ∆ f has two maximal cells, namely,
They intersect along the codimension one face
A picture of this Newton subdivision in the case n = 2 and d = 4 is given in Figure  1 . Since we chose f 0 and f 1 to be general, the polynomial f is schön. . The toric R-scheme X is then given by
We write X k = D 1 + D 2 where D 1 ∼ = P n+1 k is the strict transform of P n+1 k and D 2 is the exceptional divisor of the blow-up; thus D 2 is the projective bundle P(O H ⊕ O H (1)) over H, and it is isomorphic to the toric variety P k (δ ≤ ). The scheme Z(f ) is the hypersurface in P n+1 K defined by f , and Y is its schematic closure in X . The scheme Y is a semi-stable proper R-model for Z(f ). Its special fiber consists of two irreducible components, E 1 = Y ∩ D 1 and E 2 = Y ∩ D 2 . We can explicitly describe the closed strata of the special fiber Y k in the following way.
• The component E 1 is the degree (d − 1) hypersurface in P n+1 k defined by f 1 = 0; it is isomorphic to Z(f δ ≥ ).
• Let H o be the open subscheme of H defined by z n+1 = 0. We fix a trivialization of the line bundle O H o (1). Then E 2 is the schematic closure in D 2 of the closed subscheme of
defined by
, . . . , z n z n+1
, 1) = 0.
Thus E 2 is rational, and isomorphic to Z(f δ ≤ ).
• The intersection E 1 ∩ E 2 is the degree (d − 1) hypersurface in H ∼ = P n k defined by f 1 (0, z 1 , . . . , z n+1 ) = 0; it is isomorphic to Z(f δ= ). Now Theorem 3.5.1 simply reproduces the formula (2.2.3) for Vol sb ([Z(f )] sb ) in terms of the semi-stable model Y .
Applications
4.1. The quartic fivefold. It is expected that smooth quartic hypersurfaces over k are stably irrational in all dimensions n > 0. For curves and surfaces this follows from the semi-ampleness of the canonical bundle. Stable irrationality of a very general quartic threefold was proved by Colliot-Thélène and Pirutka in [CTP16] , and the fact that a very general quartic fourfold is stably irrational is a special case of Totaro's results in [To16] . Totaro's results were later improved by Schreieder in [Sch19a] . The first open case is that of the quartic fivefold. As a first application of Theorem 3.5.4, we will prove that a very general quartic fivefold is stably irrational. In fact, we will prove a conditional result in arbitrary dimension: stable irrationality of a "special" quartic (n−1)-fold implies stable irrationality of a very general quartic n-fold.
Theorem 4.1.1. Let n be an integer satisfying n ≥ 2. Assume that there exists a stably irrational quartic double (n − 1)-fold over k with at most isolated ordinary double points as singularities. Then a very general quartic hypersurface in P n+1 k is not stably rational.
Proof. Let ∆ be the convex hull in R n+2 of the points 4e 0 , 4e 1 , . . . , 4e n+1 where (e 0 , . . . , e n+1 ) is the standard basis of R n+2 . Then ∆ is the Newton polytope of a general quartic hypersurface in P n+1 k . We will show that ∆ is stably irrational. We define a regular integral polyhedral subdivision P of ∆ by slicing ∆ with the hyperplane
A picture of this subdivision for n = 2 is given in Figure 2 .
Then P has precisely three faces that are not contained in the boundary of ∆: two faces of dimension n + 1, namely,
and one face of dimension n, namely,
The unimodular involution τ : R n+2 → R n+2 , (u 0 , . . . , u n+1 ) → (u n+1 , u 1 , . . . , u n , u 0 ) that swaps the first and last coordinate preserves ∆ and δ = , and exchanges δ ≤ and δ ≥ . The subdivision P is regular: it is induced by the convex piecewise linear function ϕ : ∆ → R, (u 0 , . . . , u n ) → max{u 0 , u n+1 }. We make a very general choice of coefficients d m in k, where m runs over the lattice points in δ ≤ . For every lattice point m in δ ≥ , we set d m = d τ (m) . Then the data (∆, P, d m ) satisfy the non-degeneracy conditions of Theorem 3.5.4. For every face δ of ∆, we define the polynomial g δ as in Theorem 3.5.4:
Now, the face δ = is the Newton polytope of a general quartic double (n − 1)fold. By Theorem 4.3.1 in [NS19] , our assumption implies that a very general quartic double (n − 1)-fold is stably irrational. Thus it follows from Proposition 3.2.5 that Z o (g δ= ) is stably irrational. Moreover, by the symmetry in our choice of the coefficients d m , the schemes Z o (g δ ≤ ) and Z o (g δ ≥ ) are isomorphic. It follows that We will extend Theorem 4.1.1 to hypersurfaces of all degrees d ≥ 4 in Corollary 4.3.3. As a further illustration, we also present the following variant of Theorem 4.1.1.
Theorem 4.1.3. Let be a positive integer. Assume that there exists a smooth hypersurface of bidegree (2, 2) in P k × k P k (resp. P k × k P +1 k ) that is not stably rational. Then for n = 2 (resp. n = 2 + 1), a very general quartic hypersurface in P n+1 k is not stably rational.
Proof. We will prove the case n = 2 ; the case n = 2 + 1 is entirely analogous. Let ∆ be the convex hull in R n+2 of the points 4e 0 , . . . , 4e n+1 where (e 0 , . . . , e n+1 ) is the standard basis of R n+2 . Then ∆ is the Newton polytope of a general quartic hypersurface in P n+1 k . We define a regular integral polyhedral subdivision P of ∆ by slicing ∆ with the hyperplanes
for a = 1, 2, 3. The face H a ∩ ∆ of P will be denoted by δ a . A picture of this subdivision for = 1 and n = 2 = 2 is given in Figure 3 . For a general choice of coefficients d m in k, where m runs over the lattice points in ∆, the data (∆, P, d m ) satisfy the non-degeneracy conditions of Theorem 3.5.4. For every face δ of ∆, we define the polynomial g δ as in Theorem 3.5.4:
Every face δ = δ 2 that is not contained in the boundary of ∆ has lattice width 1; thus these faces are stably rational, by Example 3.2.4. The face δ 2 is the Newton polytope of a general hypersurface of bidegree (2, 2) in P k × k P k . Thus for a very general choice of the coefficients d m , the scheme Z o (g δ2 ) is stably irrational, by Proposition 3.2.5. Now it follows from Theorem 3.5.4 that a very general quartic of dimension n is not stably rational.
Remark 4.1.4. We can simplify the proof of Theorem 4.1.3 in the case n = 2 by using a symmetry argument as in the proof of Theorem 4.1.1, only slicing ∆ by H 2 and exploiting the unimodular involution (u 0 , . . . , u n+1 ) → (u +1 , . . . , u n+1 , u 0 , . . . , u ) that preserves ∆ and exchanges the two faces of maximal dimension in the subdivision. However, this symmetry argument does not generalize to the case n = 2 + 1, which is why we have given the more general proof here.
We will extend Theorem 4.1.3 to hypersurfaces of all degrees d ≥ 4 in Corollary 4.3.4. Theorem 4.1.3 gives another proof of the result that a very general quartic fivefold is stably irrational: it was shown in [HPT18] that a very general bidegree (2, 2) hypersurface in P 2 k × k P 3 k is stably irrational.
Variation of stably birational type.
Theorem 4.2.1. Let M be a lattice of rank n + 1. Let ∆ be a lattice polytope in M R , and assume that ∆ is stably irrational.
(1) Let W be an integral k-scheme of finite type. Assume that ∆ admits a regular integral polyhedral subdivision P such that every face of P not contained in the boundary of ∆ is stably rational. Then, for every very general polynomial g in k[M ] with Newton polytope ∆, the hypersurface Z o (g) is not stably birational to W .
(2) Let δ be a lattice polytope contained in the boundary of ∆. Assume that ∆ admits a regular polyhedral subdivision P into lattice polytopes satisfying the following properties: (a) the polytope δ is a face of P; (b) every face of P that intersects δ and is not contained in the boundary of ∆ is stably rational; (c) every face τ of P that is not contained in the boundary of ∆ admits a regular integral polyhedral subdivision Q such that every face of Q not contained in the boundary of τ is stably rational. Then, for every very general polynomial g in k[M ] with Newton polytope ∆, the hypersurface Z o (g) is not stably birational to Z o (g δ ).
(1) By Proposition 3.2.5, it suffices to construct a polynomial f in K[M ] with Newton polytope ∆ such that f is Newton non-degenerate and Z o (f ) is not stably birational to W × k K. Let f be a schön patchworking polynomial with Newton polytope ∆ and Newton subdivision P as constructed in Section 3.4, for a very general choice of coefficients d m in k. Then Z o (f ) is stably irrational by our assumption that ∆ is stably irrational. Using Theorem 2.2.1 to compute the stable birational volume of Z o (f ), we find that
for some integer a, because the faces δ appearing in the sum are stably rational. On the other hand, Vol sb ([W ] sb × k K) = [W ] sb : by resolution of singularities, we may assume that W is smooth and proper, and then the result follows from Example 2.2.5. If Z o (f ) were stably birational to W × k K, this would imply that a = 1 and [Spec k] sb = [W ] sb so that W would be stably rational, contradicting the fact that Z o (f ) is stably irrational.
(2) We may assume that δ is stably irrational, since otherwise, the result is obvious. We choose a toric resolution of singularities π : X → P Q (∆) and we consider the universal family θ : Y × PH 0 (P Q (∆),L(∆)) U → U of hypersurfaces in X with Newton polytope ∆, using the notations from the proof of Proposition 3.2.5 (with F 0 = Q). For every algebraically closed field F of characteristic 0, the points in U (F ) correspond canonically to the polynomials g in F [M ] with Newton polytope ∆, up to scaling by a factor in F × . Under this correspondence, the fiber θ −1 (u) is the schematic closure of Z o (g) in X × Q F . We similarly choose a toric resolution π δ : X δ → P Q (δ) and consider the universal family
of hypersurfaces in X δ with Newton polytope δ. Let U be the dense open subscheme of U that parameterizes polynomials g such that g δ has Newton polytope δ. Then the linear projection PH 0 (P Q (∆), L(∆)) PH 0 (P Q (δ), L(δ)), g → g δ is defined on U and maps U into U δ . By Bertini's theorem, there is a dense open subscheme V of U such that the families
are smooth. By Corollary 2.2.7, the locus of stably birational geometric fibers in these families is a countable union of closed subsets of V . Thus it suffices to construct one Newton non-degenerate polynomial g in F [M ] with Newton polytope ∆, for some algebraically closed field F of characteristic 0, with the following properties:
• the polynomial g δ has Newton polytope δ and is Newton non-degenerate;
• the scheme Z o (g) is not stably birational to Z o (g δ ).
Let f ∈ K[M ] be a patchworking polynomial with Newton polytope ∆ and Newton subdivision P as constructed in Section 3.4, for a very general choice of coefficients d m in k. Then f δ has Newton polytope δ, and f and f δ are schön; in particular, they are Newton non-degenerate, by Proposition 3.3.1. Moreover, by our assumption that δ is stably irrational, we know that Z o (f δ ) is stably irrational.
By Theorem 3.5.4, we have
Thus is suffices to prove that
Again using Theorem 3.5.4 to compute Vol sb ([Z o (f )] sb ), we see that it is enough to show that Z o (f δ ) is not stably birational to Z o (f τ ) for any face τ of P that meets the relative interior of ∆. This certainly holds when τ is stably rational; thus, by our assumptions, we may assume that τ is disjoint from δ and that Z o (f τ ) is not stably rational. Since the coefficients of f τ are very general with respect to those of f δ , it follows from point (1) that Z o (f τ ) is not stably birational to Z o (f δ ). Proof. This is a special case of Theorem 4.2.1(1), taking d times the standard simplex for the polytope ∆. Then ∆ admits a regular subdivision into unimodular simplices; such simplices are stably rational (see Example 3.2.4). and let X be a degree d hypersurface in P n+1 k that is very general with respect to H. If X is stably irrational, then X is not stably birational to X ∩ H.
Proof. Let (z 0 , . . . , z n+1 ) be homogeneous coordinates on P n+1 k . We may assume that H is the coordinate hyperplane defined by z 0 = 0. Let g be a very general homogeneous polynomial of degree d in k[z 0 , . . . , z n+1 ]. Then the Newton polytope of g is given by
Let δ be the face of ∆ defined by u 0 = 0. We must prove that Z o (g) is not stably birational to Z o (g δ ). For this purpose, it suffices to construct a regular polyhedral subdivision P that satisfies the conditions of Theorem 4.2.1(2) (note that ∆ is stably irrational by our assumption that X is stably irrational). We can take for P the subdivision whose maximal faces are given by
This is precisely the subdivision from Example 3.6.1, see Figure 1 . The only face of P that intersects δ and that is not contained in the boundary of ∆ is the face τ 1 . This face is stably rational, because it has lattice width 1 (see Example 3.2.4). The other faces of P that meet the relative interior of ∆ admit regular subdivisions into unimodular simplices. Thus it follows from Theorem 4.2.1(2) that Z o (g) is not stably birational to Z o (g δ ).
4.3. Raising degree and dimension. Corollary 4.2.3 has the following interesting application.
Theorem 4.3.1. Let d and n be positive integers. Assume that a very general degree d hypersurface in P n+1 k is not stably rational. Then for all integers n ≥ n and all integers d ≥ d + n − n, a very general degree d hypersurface in P n +1 k is not stably rational.
Proof. By induction, it suffices to prove the theorem for n = n and d = d + 1, and for n = n + 1 and d = d + 1. Assume that we are in either of these cases. Let ∆ be the dilatation with factor d + 1 of the unimodular (n + 1)-dimensional simplex:
. Let P be the regular polyhedral subdivision of ∆ with maximal faces
. This subdivided polytope is isomorphic to the one from Example 3.6.1 (with n replaced by n and d by d + 1), see Figure 1 . We denote by σ the intersection of τ 1 and τ 2 .
Let g be a very general polynomial in k[x 1 , . . . , x n +1 ] with Newton polytope ∆. Then Z(g) is a very general hypersurface of degree d + 1 in P n +1 k , and Z(g τ2 ) is stably rational because τ 2 has lattice width 1. Moreover, Z(g τ1 ) is a very general hypersurface of degree d in P n +1 k , and Z(g σ ) is the intersection of Z(g τ1 ) with the hyperplane at infinity.
If n = n, then our assumptions imply that Z(g τ1 ) is stably irrational, so that it is not stably birational to Z(g σ ) by Corollary 4.2.3. If n = n + 1, then Z(g σ ) is stably irrational, so that it is still not stably birational to Z(g τ1 ): if Z(g τ1 ) is stably rational then this is trivial, and otherwise it follows again from Corollary 4.2.3. Thus for both values of n , Theorem 3.5.4 implies that ∆ is stably irrational. Assume that there exists a smooth hypersurface of bidegree (2, 2) in P k × k P k (resp. P k × k P +1 k ) that is not stably rational. Then for n = 2 (resp. n = 2 + 1), a very general hypersurface of degree d in P n+1 k is not stably rational.
Proof. For d = 4 this is Theorem 4.1.3; the general case then follows from Theorem 4.3.1.
Intersections of a quadric and a cubic in P 6
k . We now turn our attention to complete intersections. Table 1 collects what is known about stable rationality of very general Fano complete intersection fourfolds (excluding the elementary cases of linear spaces and quadrics in P 5 k , and the classical case of intersections of two quadrics in P 6 k ; all of these cases are rational). The first column displays the multidegrees, the second column indicates whether a very general complete intersection with these multidegrees is stably rational, and the third column contains the references to the original results. The only open cases are the cubic fourfold and the (2, 3) complete intersection in P 6 k . We will settle the latter case by proving that a very general intersection of a quadric and a cubic in P 6 k is not stably rational. Our proof is again based on degeneration techniques. Rather than using tropical tools, we will construct a suitable semi-stable degeneration by hand and then apply the motivic obstruction provided by Corollary 2.2.6.
Theorem 4.4.1. A very general intersection of a quadric and a cubic in P 6 k is not stably rational.
Proof. We first introduce some notation. For every non-negative integer and every tuple u in N {0,..., } , we denote by |u| the sum of the coordinates of u, and we use the multi-index notation x u to denote the monomial x u0 0 · · · x u . For every i in N {0,1,2,3} and every j in N {4,5,6} , we will denote by ij the tuple in N {0,...,6} obtained by concatenating i and j. We set
Let X be the projective flat k t -scheme defined by X = Proj k t [x 0 , . . . , x 6 ]/(x 0 x 1 − x 2 x 3 + t 2 (x 2 4 + x 2 5 + x 2 6 )).
Let Y be the closed subscheme of X defined by the cubic equation
a ij x ij = 0 for a very general choice of coefficients a ij in k. We will prove that Y K is not stably rational. Then it follows from Corollary 2.2.7 that a very general intersection of a quadric and a cubic in P 6 k is not stably rational either. The special fiber X k is the toric hypersurface in P 6 k defined by x 0 x 1 − x 2 x 3 = 0. The scheme X is singular along the plane P in X k defined by t = x 0 = x 1 = x 2 = x 3 = 0. The closed subscheme Y k is the intersection of X k with a very general cubic hypersurface in P 6 k containing the plane P . Let π : Y → Y be the blow-up of Y along P .
We claim that Y is regular, and that its special fiber Y k is a reduced divisor with strict normal crossings. Moreover, Y k has two irreducible components E 1 and E 2 , where E 1 is the strict transform of Y k . Finally, we also claim that E 1 is stably irrational and that E 1 ∩ E 2 is rational. Then by applying Corollary 2.2.6 to the semi-stable model Y × k t R of Y K , we see that Y K is not stably rational.
So let us prove our claims. The plane P is the base locus of the linear system of cubic forms
a ij x ij on the toric variety X k . By Bertini's theorem, the k-scheme Y k is integral, and smooth away from P , for a general choice of coefficients a ij in k. Therefore, we only need to investigate the structure of Y above a neighbourhood of P . On P at least one of the homogeneous coordinates x 4 , x 5 and x 6 is non-zero; by the symmetry of our equations, it will be sufficient to consider the affine chart U of Y where x 6 = 0. To analyze the geometry of the blow-up U → U at P ∩ U , it suffices to compute the t-chart and the x 0 -chart, because our equations are also symmetric in the variables x 0 , . . . , x 3 .
Let V be the closed subscheme of Proj k t [w 0 , . . . , w 6 ] defined by the equations
The t-chart U (t) of the blow-up U is the affine chart of V where w 6 = 0. It follows from Bertini's theorem that the special fiber V k is integral, and smooth away from the base locus w 4 = w 5 = w 6 = 0 of the linear system of cubics
Thus the open subscheme U 
where we set ı = (0, i 1 , i 2 , i 3 ). The special fiber U (x0) k is reduced and consists of two smooth irreducible components, D 1 and D 2 . The component D 1 is the closed subscheme of Spec k[v 0 , . . . , v 6 ] cut out by the equations
is a very general polynomial of bidegree (c + 1, c + 1) with c the number of occurrences of the coordinate 0 in the couple (p, q). It follows from Corollary 11 in [Sch18] that D 1 is not stably rational; in the notations of [Sch18] , the scheme D 1 is an open subscheme of a very general quadric surface bundle of lexicographically ordered type ((1, 1), (1, 1), (1, 1), (3.3)).
The component D 2 is the closed subscheme of Spec k[s, v 1 , . . . , v 6 ] cut out by the equations
The schematic intersection D 1 ∩ D 2 is the closed subscheme of Spec k[v 1 , . . . , v 6 ] cut out by the equations
This is a smooth hypersurface in Spec k[v 2 , v 3 , v 4 , v 5 ]. It is rational, because it is defined by an irreducible polynomial that has degree 1 in the variable v 2 .
Combining these calculations, we find that Y k is reduced, and consists of two irreducible components E 1 = D 1 and E 2 = D 2 . These components are smooth over k, the component E 1 is stably irrational, and the intersection E 1 ∩ E 2 = D 1 ∩ D 2 is a smooth rational k-variety. Our local calculations also show that E 1 and E 2 are Cartier along E 1 ∩E 2 . It follows that Y is regular, and that Y k is a reduced divisor with strict normal crossings. 4.5. Bounds for complete intersections. As a final application, we will provide a significant improvement of the degree bounds for stably irrational complete intersections, bringing them up to the same level as Schreieder's results for hypersurfaces in [Sch19a] . We first establish a generalization of Corollary 4.2.3. Let J be a subset of {0, . . . , n + 1} of cardinality at most n − 1 and assume that X ∩ L J is not stably rational. Then for every strict subset J of J, the scheme X ∩ L J is not stably birational to X ∩ L J .
Proof. Replacing P n+1 k by L J , we can reduce to the case where J is empty and J is non-empty. Then we must show that X is not stably birational to X ∩ L J . Set
≥0 | u 0 + . . . + u n+1 = d} and let δ be the face of ∆ defined by u j = 0 for all j in J. Let g be a very general homogeneous polynomial of degree d in k[x 0 , . . . , x n+1 ]. Then g has Newton polytope ∆, and it suffices to show that Z o (g) is not stably birational to Z o (g δ ). By our assumption that X ∩ L J is not stably rational, we know that δ is stably irrational. If ∆ is stably rational then the result is clear. Otherwise, it follows from Theorem 4.2.1(2): after a permutation of the coordinates, we may assume that J contains the index 0, and then we can use the same subdivision P as in the proof of Corollary 4.2.3.
Theorem 4.5.2. Let n and r be positive integers. Let d 1 , . . . , d r be positive integers such that d r ≥ 4 and d r ≥ d i for all i. Assume that
Then a very general complete intersection in P n+r k of multidegree (d 1 , . . . , d r ) is not stably rational.
Proof. By Corollary 2.2.7, it suffices to construct a stably irrational smooth complete intersection of multidegree (d 1 , . . . , d r ) in P n+r F , for some algebraically closed field F of characteristic zero. We will take for F the field K of Puiseux series over k.
We set d 0 = n + r + 1 − r−1 i=1 d i . By our assumptions, d 0 ≥ 3. We denote the homogeneous coordinates on P n+r k by z ij where i ranges from 0 to r −1 and j ranges from 1 to d i . We denote by A = k[z ij | i = 0, . . . , r − 1; j = 1, . . . , d i ] the homogeneous coordinate ring of P n+r k . Let (F 1 , . . . , F r ) be a very general tuple of homogeneous polynomials in A of multidegree (d 1 , . . . , d r ). Let X be the closed subscheme of P n+r k t = Proj (A⊗ k k t ) defined by
Let Y be the closed subscheme of X defined by F r = 0. Then Y K = Y × k t K is a smooth complete intersection of multidegree (d 1 , . . . , d r ) in P n+r K . We will show that Y K is stably irrational by means of the motivic obstruction from Corollary 2.2.6.
The R-scheme Y × k t R is not semi-stable, so we cannot directly apply the formula for the stably birational volume in (2.2.3). However, we can use the generalization of this formula to log smooth models from [NS19, A.3.9]. We endow the scheme Y with the divisorial log structure induced by the divisor Y k + div(F 1 · · · F r−1 ), and we endow Spec k t with its standard log structure (induced by the closed point). We claim that the structural morphism Y → Spec k t is smooth as a morphism of log schemes. Accepting the claim for now, we can use the formula in [NS19, A.3.9] to compute the motivic volume of Y K in terms of the log smooth model Y . In the notation of that formula, all the covers E(σ) o → E(σ) o are trivial because the special fiber of Y is reduced. Reducing the expression in the formula modulo L, we find that Vol(Y K ) is congruent modulo L to the sum of the classes of logarithmic strata in Y k . These strata form a partition of Y k ; thus, by the scissor relations in the Grothendieck ring, we obtain
Using an inclusion-exclusion argument to rewrite the formula in terms of closed strata of Y k as in the proof of Theorem 2.2.1, we will express [Y k ] as a Z-linear combination of classes of intersections of irreducible components of Y k . Let S be the set of couples (i, j) where i ranges from 1 to r − 1 and j ranges from 1 to d i . We say that a subset T of S is admissible if, for every i in {1, . . . , r − 1}, there exists an element j in {1, . . . , d i } such that (i, j) belongs to T . For every admissible subset T of S, we denote by L T the linear subspace of P n+r k defined by z ij = 0 for all (i, j) in T . Then the irreducible components of Y k are the schemes Z(F r ) ∩ L T where T runs through the minimal admissible subsets of S. The intersection of all these irreducible components is Z(F r ) ∩ L S ; this is a very general degree d r hypersurface in
By a straightforward inclusion-exclusion argument, we have
where T runs through the admissible subsets of S. Specializing to stable birational classes, we find that
, because all the schemes Z(F r ) ∩ L T are smooth and proper. By our assumptions, we know that d 0 ≥ 3 and d r ≥ 4, and that d r ≥ log 2 (d 0 − 2) + 2. Therefore, Z(F r ) ∩ L S is stably irrational by Schreieder's theorem [Sch19a] . Now it follows from Proposition 4.5.1 that Z(F r ) ∩ L T is not stably birational to Z(F r ) ∩ L S , for all admissible strict subsets T of S. This means that the term [Z(F r ) ∩ L S ] sb does not cancel out in the formula (4.5.3), so that Y K is stably irrational by Corollary 2.2.6.
It remains to prove our claim that Y is log smooth over Spec k t with respect to the log structures defined above. We will prove this by means of Kato's criterion (Theorem 3.5 in [Ka89] ). Let y be a closed point of Y k . Let S y be the set of indices (i, j) in S such that z ij (y) = 0, and let S y be the set of indices in {1, . . . , r} such that F (y) = 0. Let z * be any homogeneous coordinate on P n+r k that does not vanish at y. Since the tuple of homogeneous polynomials (F 1 , . . . , F r ) is very general, the elements z ij /z * and F /z d * , with (i, j) in S y and in S y , are part of where (i, j) runs through S y and runs through S y \{r}. We consider the morphisms of monoids N → P, 1 → s N → k t , 1 → t P → O Y,y , s → t; u ij → z ij ; v → w where the monoid structure on k t and O Y ,y is given by the multiplication. These morphisms fit into a commutative square P − −−− → O Y ,y     N − −−− → k t and this is a local chart for the morphism of log schemes Y → Spec k t around the point y that satisfies the conditions of Kato's criterion for log smoothness (Theorem 3.5 in [Ka89] ).
Example 4.5.4. Theorem 4.5.2 implies that very general complete intersections of multidegree (2, 2, 4) and dimension n ∈ {5, 6} are stably irrational. This result can be sharpened a bit further: using Corollary 4.3.3 instead of Schreieder's bound in the proof of Theorem 4.5.2, we also get that very general complete intersections of multidegree (2, 2, 4) and dimension 7 are stably irrational.
To conclude, we prove the following variant of the above theorem by applying Corollary 2.2.6 in a slightly different way. This in particular extends the results for intersections of quadrics from [HPT17] and [CL17] (see Corollary 4.5.6).
Theorem 4.5.5. Let n be a positive integer and let d be a prime power. Let d 1 , . . . , d r be positive integers and assume that a very general complete intersection of multidegree (d 1 , . . . , d r ) in P n+r k is stably irrational. Then a very general complete intersection of multidegree (d, d 1 , . . . , d r ) in P n+r+d k is also stably irrational.
Proof. Consider the polynomial ring A = k[z 0 , . . . , z n+r , w 1 , . . . , w d ]. The symmetric group G = S d acts on A by permuting the variables w 1 , . . . , w d (leaving the z i unchanged). Let (F 0 , . . . , F r ) be an (r +1)-tuple of homogeneous polynomials in A of degrees d, d 1 , . . . , d r respectively. We assume that this tuple is very general subject to the condition that the forms F 1 , . . . , F r are invariant under the action of G. Let Y be the closed subscheme of P n+r+d k t = Proj (A ⊗ k k t ) defined by the equations F 1 = . . . = F r = tF 0 − w 1 · · · w d = 0.
We endow Y with the divisorial log structure induced by div(tF 0 ) and Spec k t with its standard log structure (induced by the closed point). Then the same argument as in the proof of Theorem 4.5.2 shows that the morphism of log schemes Y → Spec k t is smooth. Like in the proof of Theorem 4.5.2, this implies that Vol(X K ) ≡ [Y k ] mod L in K(Var k ). The special fiber Y k consists of d irreducible components Y 1 , . . . , Y d , which are permuted by the action of G on P n+r+d k . For each non-empty subset J of {1, . . . , d}, let Y J = ∩ j∈J Y j . This scheme is isomorphic to a complete intersection in P n+r+d−|J| k of multidegree (d 1 , . . . , d r ). For sets J of fixed cardinality, the schemes Y J are permuted by the action of G, so in particular they are all isomorphic. The smallest intersection Y {1,...,d} is a very general complete intersection of multidegree (d 1 , . . . , d r ) in P n+r k , which is stably irrational by assumption. From this we get
If d is a prime power, say d = p ν , then each of the d − 1 first binomial coefficients appearing in the sum is divisible by p. This implies that the above expression is different from [Spec k] sb in Z[SB k ]. Thus Y K is not stably rational, by Corollary 2.2.6.
Corollary 4.5.6. Let n be an integer such that n ≥ 3. Let r be an integer such that r ≥ 3 and r ≥ n − 1. Then a very general complete intersection of r quadrics in P n+r k is stably irrational.
Proof. We only need to consider the cases where n = r or n = r+1, since, for n < r, a complete intersection of r quadrics in P n+r k has non-negative Kodaira dimension. For r = 3, the n = 3 case is proved in [HT19, §4.4] and the n = 4 case is proved in [HPT17] . For r ≥ 4 the result follows from Theorem 4.5.5, by induction on r.
Corollary 4.5.7. Let n and d be positive integers. Assume that a very general degree d hypersurface in P n+1 k is stably irrational. Then very general complete intersections of the following multidegrees are stably irrational:
• multidegree (2, d) in P n+3 k ; • multidegree (3, d) in P n+4 k ;
• multidegree (2, 2, d) in P n+5 k ;
• multidegree (2, 3, d) in P n+6 k .
Proof. These are special cases of Theorem 4.5.5.
Theorems 4.5.2 and 4.5.5 settle many new cases for the rationality question for very general complete intersections, especially in high dimensions, and at the same time cover a large portion of the previously known cases in a uniform way. To give a sample in low dimension, our results show that very general complete intersection fivefolds of the following multidegrees are stably irrational:
(4), (5), (6), (2, 4), (3, 4), (2, 2, 3), (2, 2, 4), (2, 3, 3), (2, 2, 2, 2), (2, 2, 2, 3), (2, 2, 2, 2, 2).
To the best of our knowledge, the cases (4), (2, 2, 3) and (2, 2, 2, 2) are new. The cases (5) and (6) lie in Totaro's range [To16] , and the remaining ones are covered by Theorem 6.1 in [CL17] .
